This paper proposes and validates a numerical method based on the unconditionally stable dual-finite volume (DFV) scheme for Kolmogorov's forward equations (KFEs) in 1-D unbounded domains, which can be optionally equipped with a mass-conservative moving mesh partial differential equation (MMPDE) method. A KFE is a conservative and linear parabolic partial differential equation (PDE) governing spatio-temporal evolution of a probability density function (PDF) of a continuous time stochastic process. A variable transformation method is proposed for effectively solving the KFEs in 1-D bounded domains. Application of the DFV scheme to a series of test cases demonstrates its satisfactory computational accuracy, robustness, and versatility for both steady and unsteady problems. Impacts of modulating a parameter in the variable transformation method on computational performance of the DFV scheme are then numerically assessed. Advantages and disadvantages of using the MMPDE method are also investigated.
INTRODUCTION
Assessing environmental and ecological dynamics subject to stochasticity, such as transport phenomena 1) , 2) , population dynamics 3) , and water resources dynamics 4) , effectively reduces to solving some appropriate stochastic process models. Kolmogorov's forward equations 1) , 5), 6) (KFEs) associated with stochastic differential equations (SDEs) 7) driven by the standard Brownian motions are often used for facilitating analysis of the stochastic dynamics. A KFE is a conservative and linear parabolic partial differential equation (PDE) that describes spatio-temporal evolution of the probability density function (PDF) of the stochastic process governed by its corresponding SDE 8) . The PDF contains important information on the stochastic process, which is the reason why analyzing the stochastic dynamics reduces to solving the KFEs.
Analytical solutions to the KFEs are not available except for simplified cases 9) . Their solutions are therefore numerically approximated in scientific and engineering applications. Since the KFEs are conservative, their numerical solutions should also be conservative in discrete sense. Typical KFEs have advection terms that should be stabilized for computing reasonable numerical solutions 5), 10) . In addition, the domains where the KFEs are defined are often unbounded, which have to be truncated 9) or transformed to bounded domains 11) in numerical computation. The three computational issues, which are conservation property, numerical stability, and singularity arising from the unboundedness of the domains, have separately been approached in the literatures 12), 13) ; however, no or at most only a few researches simultaneously addressed all of these issues. This is the main motivation of this paper.
The purpose of this paper is to propose and validate a numerical method to simultaneously deal with the above-mentioned three issues. This paper focuses on spatially 1-D problems, but the presented techniques can also be implemented into multi-dimensional problems. A dual-finite volume (DFV) scheme 5) , which is an unconditionally stable scheme with the fitting technique 14) , 15) , is used as the core of the present numerical method. A variable transformation method is applied to the KFEs to solve them in a bounded domain. The scheme can be optionally equipped with an r-type adaptive re-meshing method, which is the moving mesh partial differential equation (MMPDE) method 16) , to resolve sharp solution profiles. The remainder of this paper is organized as follows. Section 2 presents the KFE and the variable transformation method. Section 3 presents the numerical scheme. Section 4 applies the DFV scheme to a series of test problems. Section 5 concludes this paper. Appendix provides a proof not presented in the main text.
MATHEMATICAL MODEL
The KFE focused on in this paper is presented. The domain for defining the KFE is assumed to be the 1-D real space R for the sake of simplicity. The problems with semi-infinite space + R can also be handled without technical difficulties.
(1) KFE in the unbounded domain
A KFE is a conservative and linear parabolic PDE associated with a SDE driven by the standard Brownian motion 7) . Spatial dimension of a KFE is equal to the number of dependent variables of the associated SDE. The range of dependent variables governed by a SDE is equal to the domain of its corresponding KFE.
The KFE focused on in this paper is expressed as
with the flux F given by ( )
where t is the time, x is the space variable,
= is the drift coefficient, and
The solution u is assumed to vanish at x ® ±¥ . The boundary conditions to be satisfied with Eq.(1) is assumed to be given by lim 0
which leads to the mass conservation condition d 1 u x = ò R (4) because the solution u is a PDF whose integration gives probability. Eq.(1) is also subject to an initial condition complying with Eq.(4). The coefficients V and D in the Eq.(1) are assumed to be sufficiently regular for well-posing the problem. The coefficients examined in this paper are continuous and at least piecewise smooth in both space and time.
(2) Variable transformation method
The initial boundary value problem of the KFE is transformed to a problem in a bounded domain using a variable transformation method, which avoids artificially truncating the domain 9) . A bijective variable transformation A such that
where a and b are bounded constants with a b < , is considered. Eq.(5) is assumed to be expressed with a two times-differentiable and strictly monotonically increasing function 
where J is the Jacobean defined by 
with the new flux given by w G w y
having the coefficients ( )
and
The boundary conditions equipped with Eq.(8) are 0
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and ( ) ( )
respectively. Eq. (8) 
NUMERICAL METHOD
This section describes the DFV scheme adaptive to moving computational mesh. The fitting technique for spatial discretization is firstly explained on fixed computational mesh. Then, the MMPDE method is introduced to dynamically control moving computational mesh. Finally, the adaptive procedure allows consistent implementation of the DFV scheme on moving computational mesh.
(1) DFV scheme with fitting technique
In this subsection, the domain I is discretized into a fixed computational mesh with N cells 1 
which leads to the finite volume approximation 
in which i G is directly evaluated from the solution to the local two-point boundary value problem
in the cell i I subject to 
The analytical solution to Eqs. (22) and (23) w S -= in this paper. Temporal integration of the system of ODEs can be performed with an available numerical method. The Crank-Nicolson method is used in this paper. This is a semi-implicit temporal integration method and a linear algebraic system has to be solved at each time step, which is performed with the Gauss-Seidel method. The error threshold for judging convergence of the iteration process in the Gauss-Seidel method is set as 
(2) MMPDE method a) Outline of the MMPDE method
The MMPDE method is an adaptive re-meshing method based on solving additional parabolic PDE governing nodal positions with the solutiondependent diffusion coefficient, which is referred to as the monitor function 16) . This parabolic PDE is referred to as the MMPDE in this paper. The MMPDE and the PDE to be solved, the latter is the transformed KFE (8) in this paper, is simultaneously discretized with the DFV scheme at each time step. An advantage of using the MMPDE method is not updating topology of computational meshes as in the other methods 17) . On the other hand, a disadvantage of using the MMPDE method is increase of the computational costs due to the need of solving the additional PDE. The MMPDE method can be judged to be effective if sharp transitions of numerical solutions are more accurately resolved than non-adaptive counterparts with the same number cells and nodes.
A key issue in the MMPDE method is choosing an appropriate monitor function, so that its adaptive re-meshing process effectively works. For resolving shock waves in hyperbolic conservation laws 18) , the so-called arc-type monitor functions were proposed and successfully applied to a variety of test and real cases, ranging from the inviscid Burgers-type equations 19) to the relativistic fluid dynamical equations governing evolution of galaxy 20) . Another key issue in the MMPDE method is conservation property, which is one of the most important mathematical and physical properties equipped with the conservation laws, such as the KFEs and governing equations of hydrodynamics 21) . Even with the usual static computational meshes, computing numerical solutions that comply with the conservation property is not trivial unless a specialized numerical method, such as finite volume and discontinuous Galerkin schemes, are used. With the MMPDE method, however, even these schemes fail to comply with the conservation property unless special numerical treatments for the temporal terms are employed 22), 23) .
b) Numerical method for the MMPDE
The numerical method proposed in this paper, which is based on both the DFV scheme and the MMPDE method, uses three different domains. The first domain is the space R where the original KFE(1) is defined. The second domain is the interval ( )
where the transformed KFE(8) is defined. The third domain is the unit interval
, which is referred to as the reference domain where the MMPDE is defined. The space R and the interval I are related with the bijective transformation defined in Eq. (13) . On the other hand, the two domains I and U are related with a linear bijective transformation defined through the MMPDE method as explained in what follows.
A numerical algorithm for discretizing the MMPDE method is explained in what follows. The 1-D abscissa taken in the reference domain U is denoted by z . In the MMPDE method, the y abscissa in the domain I is regarded as a function of the time t and the abscissa z in the reference domain U as ( ) , y y t z = . In the MMPDE method, the following parabolic PDE (MMPDE)
I_226 defined in the reference domain U determines evolution of y where M is the monitor function.
The monitor function depends on the solution w to the PDE to be solved. Its standard choice, the arc-type model, is given by 
which corresponds to the uniform cell distribution in the domain I in which the transformed KFE is discretized. Eq. (28) is compatible with Eq. (27) . The solution y to Eq.(24) subject to the initial and boundary conditions satisfies the parabolic maximum principle and is strictly increasing in z 24) . In numerically solving Eq.(24), the reference domain U is uniformly divided into N cells with 1 N + nodes where the z abscissa of the i th node is denoted by ( )
Eq. (24) is then discretized with the DFV scheme in the reference domain U , directly specifying the boundary conditions at the boundary nodes, which leads to a system of ODEs governing nodal i y . The Crank-Nicolson method with the Gauss-Seidel method is used in temporal integration of the system starting from the initial condition. Because the DFV scheme satisfies the discrete maximum principle, it guarantees Eq.(17) at each time step.
(3)
Adaptive procedure for moving computational mesh
The DFV scheme for the transformed KFE(8) on moving computational mesh is finally explained. On a moving coordinate, the transformed KFE (8) has to be accordingly rewritten 16) because now y depends on the time t . Firstly, define (
, , , w t z w y t z t = .
Partially differentiating the both hand-sides of Eq. (29) with respect to t using a chain rule yields ( )
where the second term of Eq. (30) 
where (18) is rewritten as
The second term of Eq. (33) 
because the equality ˆi i w w = is satisfied. Eq.(34) theoretically conserves mass as presented in the appendix of this paper.
For computationally convenient implementation of the MMPDE method into the DFV scheme, the following procedure is employed in this paper at each time step. Firstly, Eq. (24) 
APPLICATIONS
The DFV schemes with and without the MMPDE method are applied to a series of test problems to verify their accuracy, stability, and robustness.
Four problems are considered in this paper, which are the Langevin equation, diffusion equation, stochastic Verhulst equation, and stochastic non-autonomous equation.
Throughout this section, the usual nodal 2 L error norm N E whose subscript N represents the number of cells for computation, and the convergence rate CR given by 2 2 2 log log
are used for assessing computational accuracy of the DFV scheme. The parameters c and d in the MMPDE method to control the adaptive remeshing process is heuristically determined for each problem. It has been found empirically that numerical solutions with the MMPDE method for ( ) Numerical schemes other than the DFV scheme, such as the total variation diminishing (TVD) 18) and cubic-interpolated propagation (CIP) 25) schemes can also solve the KFEs. The TVD schemes requires wider stencils and the CIP schemes have to solve both the solution and its gradient, which may require excessive boundary conditions. This paper exclusively examines the DFV scheme, which is a simpler numerical scheme, in order to demonstrate that the adaptive re-meshing to solve the KFEs in un-bounded domains effectively works. The TVD and CIP schemes have higher-order accuracy, and would potentially serve as alternatives to the DFV scheme. Performance comparison among the schemes is an important future research topic.
(1) Langevin equation
In this sub-section, the KFE associated with the Langevin equation 8) is considered for assessing computational accuracy of the DFV scheme in solving steady problems having single extreme value. The assessment here focuses on how to appropriately specify the parameter X in the variable transformation method for computing accurate numerical solutions. The Langevin equation is a linear SDE having a Gaussian PDF, which serves as a minimum mathematical model for describing a wide variety of mean-reverting stochastic dynamics, such as turbulence 26) , option price 27) , and flood and draught dynamics 28) . The KFE associated with this equation is expressed as
with the drift parameter ( ) 0 A > whose non-trivial steady solution is given by 2 exp 2 2
which is the normal distribution with the mean 0 and the standard deviation Figs. 1 and 2 indicates that the choice of the parameter X critically affects computational accuracy of numerical solutions regardless of using or not using the MMPDE method. The convergence rates CR of the numerical solutions to the analytical solutions in Eq. (37) . The same applies to the following. Table 1 shows that the convergence rates CR without the MMPDE method are less than 1. On the other hand, the table also shows that CR with the MMPDE method are larger than 1 and approach 2 for relatively large N . 
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The numerical solutions in Fig. 3 , the method has inferior computational efficiency, implying its low effectiveness for fine meshes. When the minimum mesh sizes are the same, the total computation time with the MMPDE method is shorter than that without it. In addition, higher computational accuracy of the numerical solutions under the conventional L 2 -norm is achieved with the help of using the MMPDE in these cases. 
(2) Diffusion equation
The DFV scheme is applied to solving the conventional diffusion equation are specified for the MMPDE method. For the cases with and without the MMPDE method, the computational results indicate that the convergence rate CR is almost 2 when 2 X < as shown in Table 2 . For 1 2 X = < , the convergence rate CR is less than 2 as presented in Table 3 . The convergence rates CR are less than 2 when X is too large as well. Considering linearity of the problem, it is inferred that the value of X is recommended to be specified as larger than f 2t in this case where f t is the terminal time of numerical simulation, for not degrading computational accuracy. The value of X should not be too large and empirically it should be taken smaller than ( ) 1 
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in the presented cases. It is also inferred from the computational results that the same applies to diffusion equations having sufficiently regular non-constant diffusion coefficients. 
(3) Stochastic Verhulst equation
The DFV scheme is applied to the KFE associated with the stochastic Verhulst equation, which is a minimum model governing stochastic processes valued in + R representing quality and quantity levels of resources and populations subject to environmental fluctuations 29), 30), 31) . The KFE associated with this equation is expressed as ( )
where s and r are positive constants. Eq. (40) has degenerated drift and diffusion coefficients. A focus here is whether the DFV scheme can reproduce the qualitative changes of the steady solutions to Eq. (40) . The parameter r is set to be 1. Considering the computational results in the previous test cases, the parameter X is set as 3 for not degrading accuracy of the DFV scheme. The parameters in the MMPDE are set as 
(4) Stochastic non-autonomous equation
The DFV scheme is finally applied to a KFE having a spatio-temporally varying drift coefficient, which is associated with the stochastic nonautonomous equation governing a 1-D stochastic process valued in R 33), 34), 35) . The focus here is assessing accuracy of the DFV scheme to the problem that is more complicated than the previous cases. The stochastic non-autonomous equation has been used in realistic analysis of environmental and ecological problems with time-dependent natures, such as solar radiation dynamics 36), 37) , water quality dynamics 38) , and population dynamics 39) . The KFE associated with this equation is expressed as
with the potential function ( )
with positive constants, a , k , T , and ( ) The values of the parameters k and q were determined following the literature 40) and the others were determined so that the minimum values of the extended potential function and its location dynamically change.
The trigonometric term in Eq.(45) represents a temporally periodic external forcing that modulates stability of the system. The potential function U has a symmetrical shape with respect to the line I_231 0 x = where it attains the local maximum value 1 U = as shown in Fig. 6 . The potential function U has two local minimum values corresponding to stable states of the non-forced system. On the other hand, the extended potential function 1 U is not symmetric because of having the trigonometric term. This term dynamically alters the shape of the extended potential function 1 U as shown in Fig. 6 ; one-side up and the other-side down and vice versa for each t except when the trigonometric term vanishes. This means that the stable point of the stochastic system dynamically changes in a temporally alternating manner across the line 
CONCLUSIONS
The DFV scheme for solving the KFEs in 1-D unbounded domain that can be optionally equipped with the MMPDE method was presented and its performance was examined with a series of test cases. The obtained results demonstrated satisfactory accuracy of the scheme despite both drift and diffusion coefficients of the transformed KFEs would degenerate. The results clearly showed that using the MMPDE method could enhance accuracy of the scheme for coarse meshes. Extending the present numerical method to multidimensional problems would be advantageous because such problems usually have to be handled with coarser spatial resolution.
In conclusions, this paper demonstrated that the present numerical scheme could effectively approximate solutions to the KFEs in unbounded 1-D domains. Future research will explore appropriate monitor functions for the MMPDE method to more computationally efficiently solve the KFEs. Applications of the DFV scheme to some of the nonlinear problems, such as the nonlinear KFE governing the energy-minimizing migration of fishes 41), 42) , are possible if nonlinear terms in the equations are appropriately handled for stable discretization. A real application of the present numerical method with the DFV scheme to a KFE in the domain + R associated with a nonlinear SDE governing seasonally and stochastically varying fishery resources dynamics in a surface freshwater system in Japan is currently undergoing 43) .
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APPENDIX DISCRETE CONSERVATION PROPERTY
Conservation property of the DFV scheme with the MMPDE method stated in sub-section (4) of section 3 is inductively proved in this appendix. Firstly, the deltaic initial condition leads to 
Assume that the similar condition 
Eq.(48) theoretically demonstrates a conservation property of the DFV scheme. However, in numerical computation, truncation errors of the iteration process at each time step may affect its conservation property. The conservation property has therefore been checked numerically for the Gauss-Seidel method. As an example, Fig. 9 plots computed time series of the total masses of the KFE associated with the stochastic non-autonomous equation with and without the MMPDE method (section 4.4). Fig. 9 shows that the DFV scheme can correctly conserve mass for problems with spatio-temporally varying coefficients.
Fig.9
Time series of computed masses with and without the MMPDE method.
